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Abstract. We consider the change in grand potential of a fluid under a deformation of its
containing vessel. Thermodynamically, the change is expressed in terms of the pressure,
the surface tension and the line tension of the fluid. As the change can also be expressed
in the fluid’s microscopic properties, one obtains microscopic expressions for thermody-
namic quantities. We consider two types of such expressions, the first one relating the
pressure, surface and line tension to the density at the hard walls of the vessel, the second
one relating them to the pressure tensor. Moreover, we can generalize these two types of
expressions to a single expression which contains them both. Besides the distinction between
surface and line tension, we consider two models of the wall: a ‘hard wall’ and a ‘structured,
soft wall’, It is shown that the expressions for the surface and the line tension are similar
for all types of walls.

1. Introduction

The behaviour of fluids near a wall has attracted considerable interest in recent years.
Especially the question whether a fluid wets a wall or not, has been the subject of
many investigations (for a review see, e.g., [1]). This question refers to the equilibrium
state of the wall-fluid interface which is characterized by the surface tension, describing
the contribution of the wall-fluid interface to the grand potential of whole system. It
forms the basis of many theoretical descriptions of the interface and can be measured
experimentally. There exist formal expressions relating it to microscopic properties of
the interface. As these properties are accessible in a simulation, the surface tension
can also be evaluated in a simulation [2].

In reality, two thermodynamic phases meet at a wall-fluid interface: the fluid and
the solid which forms the wall. The atoms of the solid form a lattice, oscillating around
their lattice positions. In this perspective, a solid-fluid interface is similar to a liquid-
vapour interface and the same molecular expressions apply. The description of the
interface is greatly simplified if the solid atoms are frozen in at their lattice positions.
This simplification alters the physics of the interface only marginally in many cases.
Such a rigid lattice is no longer a part of the thermodynamic system but serves as a
boundary condition for the fluid. The boundary condition appears as an external
potential acting on the fluid particles and preventing them from escaping from the
system. Microscopic expressions have to be adapted for such an inert wall.

This paper is addressed to the derivation of formal expressions for the surface
tension and related quantities of an interface between a fluid and an inert wall. As a
model for the wall we will consider two cases.
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(a) The simplest model is a wall which is only a restriction on the positions of the
fluid particles. The restriction is represented by an external potential which is zero at
one side of the wall and infinite at the other side. This representation of a wall will
be denoted as a ‘hard wall’.

(b) A closer inert representation of a real wall is an external potential field which
varies smoothly with the distance from the wall and the position along the wall. The
latter variation models the lattice structure of the wall. Since a lattice is periodic, the
external potential is taken to be periodic along the wall also. This model of the wall
is denoted as a ‘structured, soft wall’.

An example of a relation between a thermodynamic quantity and a microscopic
quantity of a fluid is the connection between the density at a hard wall and the fluid’s
pressure. Approaching a hard wall from inside the fluid, the density of the fluid changes
discontinuously from a finite value to zero in the wall. The finite, limiting value of the
density is called the density at the hard wall, n,. It is related to the pressure p of the
fluid by [3]

p=kgTn, (1.1)

where kg denotes Boltzmann’s constant and T the temperature of the system. We call
relations of this type between a thermodynamic quantity and the density of the fluid
at a wall ‘density expressions’.

In this example, the pressure is related to a surface property of the fluid. An example
of a different kind is the classical relation [4] between the pressure and the pair
correlation function of the bulk fluid, n,g

p=kBTnB—2{J dr ' (r)nzp(r) (1.2)
Q

where ng denotes the density of the bulk fluid, ¢(r) the interparticle potential for two
particles at a distance r and ¢'(r) its derivative with respect to r In this form, the
relation holds for a three-dimensional fluid with central, pairwise additive interactions
which is the type of fluid we will restrict ourselves to throughout this article. Relations
such as (1.2), expressing a thermodynamic variable in essentially an integral over the
pair correlation function, are called ‘virial expressions’. Virial expressions can often
be formulated in terms of a ‘pressure tensor’. As an example, the virial expression for
the surface tension of a hard wall, y,, located in the plane z =0 with the fluid at z> 0,
has the form [5]

oo

Yo=—kgT J dz (n(z) - ng)

0

1 * %(xfz'*')’%z) )
+_J dz, J dry; @'(ri)(ny(zy, 23, r15) — nap(ry,)) (1.3)
2Jo - Fi2

with r;;=r, —r,, and n, is the pair correlation function. In terms of a pressure tensor,
the relation is 5]

Y= —J dz(p'(z)~p) (1.4)
o

where p'(z) denotes the component of a pressure tensor tangential to the hard wall

at a distance z. The pressure tensor is defined in terms of the density and the pair

correlation function (see below). Substitution of this definition transforms (1.4) back
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into (1.3). Relations between thermodynamic variables and a pressure tensor are
especially useful in simulations of fluids where the tensor can be measured explicitly
[6]. We call such relations ‘pressure expressions’.

Formal relations between thermodynamic and microscopic quantities such as (1.1)-
(1.4) can be derived from a deformation of a vessel which contains the fluid and at
the same time provides the wall-fluid interface. The deformation results in a change
in the grand potential of the fluid which is thermodynamically expressed in terms of
quantities like the pressure and surface tension. On the other hand, it is possible to
express the change directly in microscopic quantities of the fluid. The equivalence of
the two expressions leads to microscopic expressions for the thermodynamic quantities.
This technique has been employed in various cases. A systematic evaluation of the
deformation method has not been given and it is the purpose of this paper. We were
confronted with this problem when we simulated fluids contained by structured, inert
walls which require a delicate treatment of the microscopic expressions.

We will employ two microscopic expressions for the change in grand potential.
The first expresses the change in grand potential in, essentially, the density at the hard
walls. The expression gives rise to density expressions of the type (1.1). The second
expresses the change in terms of a pressure tensor from which pressure expressions
of the type (1.4) can be derived. In this paper, we will consider deformations of the
vessel which result in an increase of the area of the vessel as well as an increase of
the length of the edges. Therefore, the change in grand potential involves both the
surface and the line tension and density and pressure expressions will be derived for
both these quantities.

The deformation is applied to the two models of a wall we mentioned above. At
first, a vessel of hard walls is considered and secondly, one of the hard walls is replaced
by a structured, soft wall. We thus obtain density and pressure expressions for the
surface tension of a hard wall and the line tension of an edge formed by two hard
walls. In the case of the soft wall, we restrict ourselves to the surface tension since
already at this level, a rigorous treatment of the effect of the structure turns out to be
complicated.

The article is further organized in the following way. We introduce the concept of
the pressure tensor and the two routes to the change in grand potential in section 2.
Before we start the actual calculation, we give some comments on the definition of
the surface and line tension in section 3. The first route to the change in grand potential
is then exploited in section 4, which derives the density expressions. The second route
is exploited in sections 5 and 6, in which the pressure expressions are presented. Section
5 treats the hard wall and the edge formed by two hard walls and section 6 treats the
case of the structured soft wall. Finally, conclusions are drawn in section 7.

2. The pressure tensor and the change in grand potential

The concept of a pressure tensor has long been present in phenomenological descrip-
tions of inhomogeneous fluids [4]. The concept has been formalized by Schofield and
Henderson [7], who gave a microscopic definition of the tensor which they could link
rigorously to the change in grand potential of a fluid. For a simple fluid, the microscopic
definition is

x<

dr d"zB(f”(rlz)nz(’l,"z)J‘ dals(i-r) (2.1)

1
Fi2 Cya

p(r)=kBTn(r)I—%J.
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where | denotes the unit tensor and C,, is a contour from #, to r,. This contour can
be chosen arbitrarily and therefore the pressure tensor is not defined uniquely. The
most obvious choice for the contour is a straight line from », to r,, a choice which is
referred to as the Irving and Kirkwood [8] (1k) tensor. An alternative choice has been
investigated by Harasima [9] who took the contour to be a straight path from r, to
(X2, ¥2, 2;) followed by a straight path to r,. Clearly, each expression of a physical
quantity in terms of a pressure tensor, like (1.4), must be independent of the choice
of the tensor. It can furthermore be shown that the divergence of all tensors (2.1) satisfies

Vep(r)=—n(r)Vé(r) (2.2)

where ¢°'(r) denotes the external potential acting on the fluid.

The tensor (2.1) can be used to describe the change in grand potential of a fluid
when the container of the fluid is deformed. Schofield and Henderson discussed these
deformations in the canonical ensemble, preserving the amount of particles in the
system. It is, however, easy to show that the expression for the change in free energy
that they obtain applies equally well to the change in grand potential. This thermody-
namic potential has to be considered if the deformation is brought about in the grand
canonical ensemble under constant chemical potential. Instead of considering the
canonical partition function Zy of a system of N particles

1

IN =N

J dr,...,dry e B (2.3)
\4

where A denotes the thermic wavelength, Uy the energy of a configuration of N
particles

Un(r, ..., 1n)= Z)¢(n~,~)+2 &°(r) (2.4)
o i
one has to consider the grand canonical partition function Z,, given by
Z,=1+ Y "z, (2.5)
N=1

with z the activity, related to the chemical potential u by

z=gP¥, (2.6)
The grand potential is calculated from Z,, as
Q=—kpT log Z,,. (2.7)

The integration volume V in (2.3) defines the position space in which the particles are
allowed to move. If the external potential becomes strongly repulsive near the bound-
aries of V, the available position space is effectively defined by this potential since it
prevents particles from intruding up to the boundaries. The volume is then bounded
by soft walls and the precise location of the boundaries of V does not influence the
physical behaviour of the system. If there is no external potential to prevent the particles
from reaching the boundaries of V, the volume is bounded by hard walls. In this case,
the boundaries of V, i.e. the position of the hard walls, cannot be changed without
changing the physical behaviour of the system. In general, the volume can be bounded
by a combination of soft and hard walls.

Schofield and Henderson considered the change in the partition function under an
infinitesimal deformation of the integration volume V. The deformation is described
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by an infinitesimally small displacement field u(r) which shifts the boundaries of V
from their original positions {r} to new positions {r+ u(r)}. We consider only cases
in which ¢°* is not affected by the application of a displacement field, which implies
that any soft wall remains in place and the deformation affects the hard walls only.
The change in grand potential can, up to order u, be described by the one- and
two-particle correlation function

dQ = J dr(~=kg TV - u(r)+u(r)-Vo™'(r))n(r)
v

+% J dr, dry(u(r) —u(r,)) ;E &' (ri)na(r, 1) (2.8)

12

However, it can equally well be described (7] by the pressure tensor (2.1)

da = _J dr(p(r):Vu(r)—n(r)u(r)-Vo(r))

+J dS(p(r) — kg Tn(e)l) - u(r). (2.9)

The second integral is over the surface of V. If the surface is shielded by a soft wall,
the density at the surface will be zero since particles never reach the boundary of V
in that case. Therefore, for any reasonable choice of contour, the pressure tensor will
also be zero at a soft wall, and thus soft walls do not contribute to the surface integral.
At a hard wall, the pressure tensor p(r) becomes equal to kg Tn(r)l for a large class
of contours. Each contour which does not intersect the wall belongs to this class. Note
that the 1k and the Harasima tensor both fulfil this condition (if the walls are in the
xy, xz or yz plane). Therefore, for this class of tensors, hard walls also do not contribute
to the surface integral which then does not contribute to dQ) at all. So the change in
grand potential is, up to first order in u, fully given by

a0 = —j dr(p(r):Va(r)—n(ru(r)-Vo™(r)) (2.10)

if the pressure tensor at a hard wall 3V}, reduces to
p(r,BVh)=kBTn(r,8Vh)|. (2.11)

We will restrict ourselves to tensors satisfying (2.11) in the remaining part of this paper,
which means that only reasonably simple contours will be considered, typical examples
of which are the 1k and the Harasima contour.

Equation (2.10) is what we referred to as the ‘pressure route’ to d(}. The ‘density
route’ to d{) is easily obtained from (2.9) if the combination nV¢** is replaced by
—V.p, in accordance with (2.2). Partial integration of the resulting term gives

dQ=—kBTJ dS-u(r)n(r) (2.12)
A%

which expresses d{} entirely in terms of the density at the wall. The equation shows
that if the volume is bounded by soft walls everywhere, the grand potential does not
change since the density vanishes at a soft wall. This must be so because in that case
the boundaries of V can be distorted without changing the physical behaviour of the
system. Equation (2.12) also shows that dQ@ does not depend on the value of u in the



4216 M J P Nijmeijer and J M J van Leeuwen

interior of V. This reflects the fact that the deformation is determined by the value of
u at the boundary of V only. In particular, ! does not change if # vanishes at the
boundary of V since in that case, the integration volume is not distorted at all. Equations
(2.8), (2.10) and (2.12) denote three different but equally valid ways to express the
change in grand potential under a deformation u of the boundaries of the fluid.

3. The definition of the surface and line tension

Consider a fluid in a three-dimensional, rectangular box which consists of hard walls.
The grand potential of the fluid is defined by (2.3)-(2.7) with ¢ (r)=0. As we
mentioned in section 1, the surface tension vy, of the hard walls and the line tension
Tan Of the edges of the box can be defined from the change in the grand potential
under a well chosen deformation of the box. An alternative definition of these quantities
is obtained from a decomposition of the grand potential in terms of the order of the
volume V, the size of the surface A,, and the length of the edges L., of the box

Q:Q\/""QS-+'QE. (3.1)

Expansion (3.1) could become ambiguous if p and ¥, depend too strongly on the
system size, e.g., approach their thermodynamic value inversely proportional to the
linear size of the system. If, however, p and v, in a finite system are defined in terms
of local quantities such as in (1.2) and (1.4), it is reasonable to assume that the influence
of the size of the system is exponentially small. This assumption does probably not
hold near criticality, where the distinction between pressure and surface tension should
be carefully reanalysed, which is beyond the scope of this paper.

To be complete, we should have added a term of order 1 to (3.1) to include the
contributions of the corners of the box to the grand potential. Such contributions,
however, will not be studied in this article and therefore we neglect them. (v, Q)5 and
Qg define the pressure, surface tension and line tension

Qy= —PV (3.2)
Qs = yrAs (3.3)
Qp = ThnLus. (3.4)

The geometry of the box is the geometry of the integration volume in (2.3). Changes
in the volume induce changes in the grand potential. Consequently, the proportionality
factors p, v, and 7, are unambiguously defined.

These notions may appear somewhat trivial but more care is needed when soft
walls are involved. Consider the same box as before with one of the hard walls, taken
to be in the plane z =0, replaced by a soft wall. Contributions from the hard wall to
the grand potential must now be distinguished from contributions from the soft wall

QS= ysAs+‘YhAh (35)

with vy, and A, the surface tension and the area of the soft wall. Similarly, the
contributions from the edges formed by two hard walls must be distinguished from
the contributions from the edges formed by a hard and a soft wall

Qe =T Lont TanLnn (3.6)
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with 7., and L., the line tension and length of the edges formed by a hard and a soft
wall. Contrary to the previous case, the lower limit on the z-integrations in (2.3) can
be shifted without affecting Zy. The geometry of the box, however, does change under
such a shift. If the lower boundary is shifted from z = 0 to z = 8z, the geometric changes
in the box are

8V =-A sz 8A, =0 8A,=—Lg, 6z (3.7)
8Ly, =0 8Ly, = —46z

s0
5Qy=pdz A, (3.8)
505 =8y, A, — vy 8z Ly, (3.9)
50 = 67y Ly, — 4 7y 62, (3.10)

Note that p, y, and 7,, do not change because they were completely specified by the
temperature and the chemical potential, which remain of course unaitered by the shift
8z in the boundary of the box. Since Z, does not change, the grand potential of the
fluid does not change. Adding (3.8), {3.9) and (3.10) gives

8Q = (pbz+ 8y ) A+ (ynbz — 874) Ly, + O(1) = 0. (3.11)

In (3.11) we have neglected the term m,,8z which is of the order 1. The two terms in
(3.11) are of a different orders of magnitude and must vanish separately

8y, =—p bz (3.12)
87 = Y bz (3.13)

These equations demonstrate that the magnitude of y, and 7, depends on the location
of the lower boundary z=0 of the box. The dependence is trivial in the sense that,
e.g., ¥, varies linearly with the position of the boundary with a coefficient which is not
an intrinsic property of the surface but can be determined from the bulk state of the
fluid alone. Note also that in, e.g., the study of surface phenomena at a fixed wall the
absolute value of the surface tension is never of importance but only the difference in
surface tension between competing interfaces. For instance, in the wetting problem,
the coexisting liquid and vapour phases, competing to wet the wall, both have the
same bulk pressure p and thus the difference in surface tension is independent of
the location of the lower boundary z =0. Although the dependence of v, and 7, on
the location of the boundary forces one to treat the boundary carefully, they remain
central parameters in the description of interfaces and contact lines.

4. Density expressions

Relations between thermodynamic and microscopic quantities of the fluid will be
obtained from deformations of the box which contains the fluid. The box we will use
throughout this paper has dimensions 0= x, y, z=< L. The wall in the plane z =0 is the
wall of interest. It will be taken to be a hard wall in this section. The five remaining
walls will always be taken to be hard walls. The box is deformed according to the
displacement field

u(ry=Aa(x—-L,y—L,z). (4.1)
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The parameter A makes u infinitesimally small. This displacement field transforms the
box from a cube with edge length L to a cube with edge (1+A)L. To obtain density
expressions, expression (2.12) for the change in grand potential is exploited, which
expresses the change in the density at the walls

dQ=—kBTj’ dS-u(r)n(r). (4.2)
aVv
The product dS-u vanishes at the planes x=L, y=L, and z=0. Only the three
remaining walls contribute to the integral (4.2).

The change in grand potential in this box with six hard walls is given by

dQ=‘_p dV+‘yhdAh+Thh dth. (4.3)
With displacement field (4.1), the changes are
dv=3AL dA,=12AL% dLy,=12AL, (4.4)

The thermodynamic expression (4.3) for dQ) has to be compared with the microscopic
expression (4.2). The three walls that contribute to (4.2) give the same contribution.
Take the wall x =0 as an example:

L L

dQ=-—3kBTALJ’ dy J‘ dzn(0, y, z). (4.5)
0 [}

Note that the thermodynamic expression (4.3) consists of different orders of L. The

term of order L® determines p, the term of order L determines vy, and the term of

order L determines 7,,. We also decompose (4.5) in orders of L. The decomposition

is obtained from a decomposition of the density. Define the density at the wall, n,

n(y,z) = n(0, y, z). (4.6)

This density has a constant value n, far away from the edges and corners at the wall
x =0. The density is distorted by the presence of neighbouring walls within some
microscopic length { of the edges. The distortion near an edge, far away from a corner,
is denoted An,. The additional distortions near a corner are denoted Any,. The
decomposition of n, has the form

nw(yaz)=n0+Anh(y>+Anh(Z)+Anhh(ya Z) (4'7)

where An,(y) denotes the correction near an edge formed with a wall in the xz plane,
Any(z) the correction near an edge formed with a wall in the xy plane. A correction
term vanishes if its argument, or one of its arguments, is chosen far away from the
edges. We denote such positions, {« y, z<3L, as y, z approaching infinity. Taking,
e.g., ¥ and z to infinity, (4.7) gives the definition of n,

no = 1,,(%0, 20). (4.8)
Taking only y to infinity, (4.7) gives the definition of An,(z)
Any(z) =n, (0, z) — n, (4.9)

while Any,, is defined by (4.7) itself. Substitution of decomposition (4.7) into (4.5) gives

L x L o L
dﬂ=—/\kBT3L<J dy dzn0+2J dyJ dz Anh(y)+2j dzj dy Any(z)
o 0

0 0 0

+4J dyj dzAnhh(y,z)). (4.10)

0 o]
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The factor of 2 in front of the integral over An, accounts for the fact that there are
two walls in both the xz and xy plane bordering on the wall at x =0. The factor of 4
in front of the integral over Any, accounts for the fact that there are four corners at
this wall. The symmetry between the walls implies that the integral over An,(y) gives
the same contribution to d{) as the integral over An,(z). Decomposition (4.10) is the
decomposition of d{) in orders of L

dQ = —AkBT3L<L2n0+4L J dz Any(z)+4 '[ dy dz Angy(y, z)) (4.11)
0 0
comparison with (4.3) shows that
p=kgTng (4.12)
yh=—kBTJ‘ dz Any(z) (4.13)
0
Thh — "‘kBT J dy j dZ Anhh(y, Z) (414)
0 0

which are the desired density expressions. The first of these was already quoted in
(1.1). It is seen to be the first of a hierarchy of three which relate the pressure, surface
tension and line tension to the density at a hard wall.

These density expressions do not only exist in the case of corners and edges formed
by hard walls. It can be shown in the same manner that the molecular expressions
(4.13) and (4.14) also apply when the hard wall at z =0 is replaced by a ‘structureless
soft wall’. This is a representation of a wall as an external field which varies smoothly
with the distance from the wall but which does not vary along the wall. In the
structureless, soft wall case, 7, in (4.13) should be replaced by v, the surface tension
of a structureless soft wall, and 7, in (4.14) by 7,,, the line tension of an edge formed
by a hard and a structureless soft wall. We will stipulate in section 6 that density
expressions also hold in case when the wall at z =0 is a structured soft wall, but that
they are more complicated.

In general, we can therefore state that the deviations of the density at a hard wall
near an edge formed by the hard wall and a second wall are related to the surface
tension of that second wall. Similarly, the deviations of the density at a hard wall near
a corner formed with two other walls are related to the line tension of the edge formed
by the two other walls.

Finally, note that the density at a soft wall can also be related to thermodynamic
quantities of the fluid. Such density expressions can be derived from a deformation
which also shifts these walls. In that case, the displacement field does not only affect
the boundaries of V but also the external potential which forms the soft wall. An extra
term must be added to (2.12) to account for this shift, and density expressions can
then be derived from the modified (2.12) in the way demonstrated here. As an example,
one easily notices that the relation between the pressure and the density near a
structureless, soft wall is given by

p= —L dzn(z) 5"; $(2) (4.15)

since the RHs denotes the force per unit of area which the wall exerts on the fluid.
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5. Pressure expressions for the surface and line tension: hard wall

In this section, we exploit route (2.10) to the change in grand potential which leads
to relations between thermodynamic quantities and the pressure tensor of the fluid.
The box and displacement field are the same as in section 4. The wall in the plane
z =0 is taken to be a hard wall in this section.

The thermodynamic expression for d{) is given by (4.3) while on the other hand,
equation (2.10) with ¢**'(r) =0, states

dQ=——J drp(r):Vu(r). (5.1)

With displacement field (4.1), the tensor Vu has the simple form
Vu(ry=Al (5.2)

Our strategy is the same as in the previous section: we split the microscopic expression
(5.1) in orders of L. On comparison with (4.3), the term of order L* gives the microscopic
definition of vy, the term of order L the definition of 7,,. The decomposition of (5.1)
in orders of L is obtained from a decomposition of the pressure tensor.

This decomposition is similar to the decomposition of n,, of the previous section.
The tensor is translationally invariant and isotropic in the bulk fluid

ps=pl (5.3)

where p denotes, as usual, the bulk pressure. Near the walls, within some microscopic
length £, p deviates from pg. The deviation near a wall, far away from edges and
corners, is denoted as Ap,. The additional deviations near an edge are denoted as
Apyy. The influence of the corners is denoted as Apyy,;,. The decomposition of p in the
corner x, y, z=0 has the form

p(r)=pg+Apy(x) + Apu(y) + Apn(z) + Apun(X, y) + Apnn(x, 2)
+Apun(¥, 2) + Apnnn(X, ¥, Z). (54)

The correction terms Ap vanish if one of their arguments is taken far away from the
walls. We denote such positions, { < x, y, z<3L, as x, y, z approach infinity. With x,
y and z in this limit, (5.4) becomes the definition of pg

ps = p(%0, 0, ). (5.5)
Taking x and y to infinity, one obtains the definition of Ap,

Apy(z) =p(x©, 0, z) —pg. (5.6)
Taking only x to infinity, one obtains the definition of Apy,

Apun(y, 2) =p(e0, y, z) —ps — Apn(y) — Apn(2). (5.7)

The definition of Apyyy is (5.4) itself. The decomposition (5.4) of the pressure tensor
is inserted in (5.1). This integral splits in an integral involving pg, six integrals involving
Apy, (resulting from the deviations of p near the walls), twelve integrals involving Apyy,
(from the deviations near the edges) and eight integrals involving Apy., (from the
deviations near the corners). The six integrals involving Ap, give the same contribution
to dQ) by symmetry. We take the deviations near the wall z =0 as exemplary. Similarly,
we take the deviations near the edge formed by the wall at z=0and y =0 as exemplary
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for the twelve edges. The corner formed by these two walls and the wall at x=0 is
taken as exemplary for the eight corners. The decomposition of (5.1) has the form

L L L L L o
dQ=—z\(J de dyJ dzpB:|+6J de dyJ’ dz Apn(z): |
0 Q 0 4} 0 0

L e} oc
+12J' dxj dyj dz Apun(y, 2): 1

0 0 0
+8 J dx J dy J dz Apunn(x, ¥, 2): l) (5.8)
4] 0 0
=dQs+dQ,+dQn, +dQun (5.9)
(5.9) is the expansion of dQ) in orders of L. With the definition of py, (5.3), the first
term is easily calculated
dQg=-ApL®. (5.10)

Compared with the term of order L’ in (4.3), (5.10) shows that the constant p which
defines pg is indeed equal to the pressure of the fluid. The second term, d{},,, is

dQ,=~6A L* J dz(apy (z)+4pi*(2) +Apy(2)) (5.11)

0

which is of the order L?. The third term, dQys, is

dQy,=-12A L J dy J dz(Apin(y, 2) + Apin(y, z) + Apii(y, 2)) (5.12)

0 0

which is of order L. The last term, dQ.y, is

dQppn = —8A J dx J dy J dz(Apaan(x, ¥, 2) + Apiin(x, y, 2)

0 0 0

+Apan(x, ¥, 2)) (5.13)
which is of the order L°. First, we will discuss the term df), to extract the definition
Of Yh-

Comparison of d(), with the term of order L? in the thermodynamic expression
for dQ, (4.3), gives for the microscopic definition of ¥y,

!
Yn=73

2J dz(Apy (2)+Api (2) + Apy(2)). (5.14)

4
This expression can be simplified. It can be shown that the term Ap{’ vanishes (see
(Al.1) in appendix 1) while Apy™(z) =Ap{’(z) by symmetry. We define

Apy*(z) = Apt¥(z) = Api(z) (5.15)
and (5.14) simplifies to

yh=—-J' dz Apf(z). (5.16)

0

In terms of p” and p it has the form

‘yh=—j‘ dz(pT(OO, ®©, z)—p). (5.17)

0
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This form is the usual expression [4] for y,. It was already mentioned, in a slightly
different notation, in (1.4). Before we proceed to the term of order L in d(}, we will
derive an extension of (5.16) or (5.17).

The path of integration in (5.16) and (5.17) must be taken far away from the edges
of the system. The deviation of p' from its bulk value p results from the presence of
the wall at z =0 only. We ask the question what happens if the path of integration is
chosen close to an edge and the influence of the edge on p is taken into account.
Consider, as an example, the edge formed by the walls at y =0 and z =0. Define

v (y)= —J dz(Api’ (z)+ Apin(y, 2)). (5.18)
0
The integrand of (5.18) is
Api’(z) + Apik(y, 2) =p” (0, y, 2) — p. (5.19)
Identity (A1.2) in appendix 1 shows that
Y (¥) = Yn (5.20)

for all distances y. For large y, the term Ap{}, vanishes and (5.18) reduces to (5.16).
At the hard wall y =0, p” is equal to kz T times the density at the wall, ¢f (2.11), and
(5.18) becomes the density expression (4.13). Expression (5.18) is a generalization
which contains both the pressure expression (5.17), at y = ¢, and the density expression
(4.13), at y =0.

We proceed with the term of order L in (5.9), dQ,, given by (5.12). Comparison
with the term of order L in the thermodynamic expression for the change in grand
potential, (4.3), gives the microscopic definition of 7,

Thn = —J dy J dz(Apin(y, 2) + Apin(y, 2) + Apii(y, 2)). (5.21)
0 0

The second and third terms in the integral vanish (see (A1.2)) and the definition of

Ty simplifies to

Thh = — J-O dy L dz Apan(y, 2) (5.22)
which has precisely the same structure as the definition (5.16) of 4.

The plane of integration in (5.22) is taken far away from a corner: the integrand
is determined by the presence of the edge alone. Analogous to the case of the surface
tension, the plane of integration in (5.22) can be taken close to a corner. One can show
this by defining

yi’é(x)=—J dyJ dz(Apnn(y, 2) + Apnnn(x, ¥, 2)) (5.23)

¢] 0

and demonstrating (see (A1.3)) that r7;(x) is independent of x:
Tor(X) = Ton. (5.24)

In the limit that x is large, Apyn, vanishes and (5.23) reduces to (5.22). At the wall
x =0, p™ satisfies (2.11) and (5.23) reduces to density expression (4.14). 7 plays the
same role for the line tension as yi" played for the surface tension. It can be regarded
as an expression that interpolates between the density expression (4.14), at x =0, and
the pressure expression (5.22), at x =,
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Finally, we consider the term of order L°, dQ,p, in (5.9) which is defined in (5.12).
Identity (A1.3) tells that the integral over each term in the integrand of (5.12) vanishes

thhh=0 (5'25)

in accordance with the fact that no terms of the order L° appears in the thermodynamic
expression for the change in grand potential, (4.3). These terms are absent because
the corners are not deformed by displacement field (4.1).

6. Surface tension of a structured wall

Up till now, we have restricted ourselves to hard walls. The case of a structured, soft
wall will be treated in this section in which we focus on the pressure expressions.
Density expressions also exist but are far less elegant than in the structureless case,
as we discuss below. Moreover, the discussion will be restricted to the level of the
surface tension alone since already at this level, the calculation is much more compli-
cated than for the hard wall.

The box and displacement field are the same as in the previous sections with the
wall at z =0 replaced by a structured, soft wall. Such a wall is periodic and we denote
the length of the period in the x direction by a, the length in the y direction is a,.
The change in grand potential upon the deformation equals

dQ=-pdV+y,(L)dA,+ vy, dA,+O(L) (6.1)
=dQz+dQ,+dQ,+O(L). (6.2)

A, denotes the surface of a structured wall, v, its surface tension (the subscript st
stands for ‘structured’). Terms of the order L are neglected since we restrict the
discussion to the level of the surface tension. The increase d V is the same as previously,
A, and A, change as

dA,=2AL° dA,=10A L2 (6.3)

Because of the structure of the wall, the change in grand potential under an
infinitesimal shift of the boundary planes at x, y =0 will depend on the location of
these planes. The walls at x =L and y = L remain in place under displacement field
(4.1). The shift defines a ‘partial surface tension’ v,(L). To obtain the ‘full’ surface
tension y;, of the structured wall, one should consider an increase of A, with an integer
number of units of area a, X a,. This increase is most easily visualized if a, = a,=a,
in which case one can simply increase L with a periodic length a. For simplicity, we
consider this case; the case a, # a, presents no conceptual difficulties. From time to
time, we will again distinguish in the notation between a, and a, to show what the
result is for the general case.

Considering an increase of L with one period, the increase of A, equals

AA, =2al+0(L" (6.4)
and the surface tension of the structured wall is
1 (e da 1 [Lre
o = dL| —| == ' " o -1 )
yt AAsl JL (de> a J‘[_ dL ‘YSI(L) O(L ) (6 5)

using that dQ,, =2A y(L')L? and dL'=AL". The term of order L™! vanishes in the
thermodynamic limit.
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If we try to obtain a density expression for the surface tension of a structured wall,
we readily find that the density at the hard walls is related to v, (L). Therefore, a
density expression for ¥y, also incorporates a shift of the walls over a complete periodic
length. In other words, the density expression incorporates an average over all possible
locations of the hard wall within a period a as in (6.5). This average makes the density
expression far less elegant than the density expression (4.13) for a hard wall. This is
the reason why we do not consider them further.

The microscopic expression (2.10) for the change in grand potential contains the
extra term nu+V¢°* as compared to (5.1). With displacement field (4.1) it takes the form

u(r) T8 () =A((x- D 6™+ 0 -1) AN URE 50)). (6.6)

The pressure tensor is decomposed in the same fashion as in (5.4) but one has to
distinguish between distortions of p near the hard walls and distortions near the soft
wall. The distortions near the soft wall, far away from the corners and edges, are
denoted Ap,. The distortions near an edge formed by the soft and a hard wall are
denoted Ap,,. The distortions near a corner formed by two hard walls and the soft
wall are denoted Ap,,,. Decomposition (5.4) is replaced by

p(x, Vs Z) = pB+Aph(x) +Aph(y)+Aps(x’ Vs Z)+Aphh(X, y)+Ap(s:1)(xs Vs Z)
+Ap§l?1)(x5 Vs Z)+Apshh(x’ Y, Z)' (6'7)

Note that the correction terms Ap involving the soft wall are functions of all three
coordinates x, y, z, due to the periodicity of the wall. Therefore, we have to distinguish
between Ap{; referring to the edge formed by the walls at z=0 and x =0 and Ap®
referring to the edge formed by the walls at z =0 and y = 0. The correction terms vanish
far away from the walls, at positions {<x,y, z<3L which we denote as (%, 7, ).
Taking, e.g., x and y far away from the hard walls, (6.7) gives the definition of Ap,

ApJ(%, 3, z) = p(%, J, z) — Ps. (6.8)

ext

The periodicity of ¢ is reflected in Ap,: it is a periodic function with, in the general
case a, # a,, a period a, in the x direction and a, in the y direction.

Inserting the decomposition of p in (2.10), we obtain decomposition (6.2) of dQ
with d€) given by (5.8) and

L x© L
dx j dy j dz Apy: Vu (6.9)
0

0

dQ,=-5 J-

o}

L L ac
dQ,, = —J dx J- dy J dz(Ap,: Vu—nu-Vo ). (6.10)
0 o} 0

Note that we did not decompose the density but included the term nu-V ¢ in (2.10)
completely in d€),,. As it will turn out, we can do so as long as we restrict the discussion
to the level of the surface tension. The correction terms Ap that involve edges or corners
contribute to the order L just as in the previous section and are therefore not evaluated
any further.

There are five terms Apy, from the five hard walls. They contribute equally to
d€) and we took the plane y =0 as an example to represent dQ),. With (5.2), this
contribution is

40y = ~ASL? j 4y (ApE () + Ap (y)+ ApE (1)), (6.11)
0
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From (5.14) we find
th = /\‘yhloLz (6.12)

which shows that the definition (6.9) of dQ), is indeed equal to the original definition
in (6.2). The remaining term of order L’ in the thermodynamic expression (6.2), dQ,,
must therefore be equal to (6.10).

The factor u-V¢* in dQ),, consists of three terms: besides the term involving z4,,
the structured character of the wall has introduced a term involving (x—L)3, and
(y—L)a, (see (6.6)). The integral over nz3.¢“* is easily evaluated. This integrand is
periodic far away from the hard walls. Therefore, all units of area far away from the
hard walls contribute equally to the integral, which is thus of order L°. Similarly, all
units of area far away from the hard walls contribute equally to the integral over
Ap,: Vu, which is therefore also of order L’

The integrals over n (x — L)3,¢“* and n (y — L)3,¢°*" are more difficult to evaluate.
These integrands are not periodic and, moreover, they become of order L near the
walls at x =0 and y =0, respectively. Therefore, it seems as if the integrals are of order
L°. This is, however, not the case: one can prove that although the integrands are not
periodic, each unit of area far away from the hard walls still gives the same contribution
to the integral. This follows immediately from the fact that the integrals of n5,¢* and
na,¢°* over a unit of area in the middle of the soft wall vanish (see (A2.1)). As all
units of area far away from the hard walls contribute equally to the integrals over
n(x—L)3,¢6° and n(y—L)3,¢", these integrals are of order L. The fact that the
integrand becomes of order L gives these integrals a remarkable feature: the deviations
of the density near the walls at x =0 and y = 0 contribute to the order L. We therefore
split dQ), into two terms

dQ, =-L? J- dxdyJ' dz(Ap(r): Vu— /\zns(r) ¢ (r))
cell

a,a, 0

+A J'D dx J‘O dy f dzn(r)((x—L)aix—f-(y—L) %)w‘uwou)
(6.13)

where a cell stands for an area a, X a, far away from the hard walls. n, denotes the
density at positions far away from the hard walls, such that the density is affected by
the soft wall only. Dividing (6.13) by 2AL?, we obtain from (6.1)

Yl L) == J dx dy J dZ(Ap +ApY +ApZF — zn, 9 d)ext)
cell 0

2a.a,

+L2J de. dyJ'mdzn<(x L) +(y—-1L) >¢>°"‘+O(L h,
2L o
(6.14)

To obtain ¥y, ¥(L') has to be averaged over all values of L' between L and L+ a as
indicated in (6.5). The first integral in (6.14) does not depend on the location of the
hard walls but is entirely given by the properties of the fluid in the middle of the soft
wall. The average (6.5) of this integral over different locations of the wall is therefore
trivial. The second integral, however, does depend on the location of the hard walls
since the density in the edges, which contribute to order L°, depends on it. Some
knowledge about the density in the edges is necessary in order to be able to perform
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the average. In appendix 3 we show, by using an expansion of the density in the
activity, that the average (6.5) over the second term in (6.14) vanishes. Thus we find

1
2a.a,

© . 3
Vo= — J dx dy j dz(Ap:x-FApg” +Api— s ¢e’“>. (6.15)
cell

0

The integral over ApZ” cancels against the integral over zn 3,6 (see (A2.2)) and the
expression for vy, simplifies to

Vo= — J dx dy J dz(ApX(x, y, 2) + ApP(x, ¥, 2)). (6.16)
cell

2axay 0

Instead of displacement field (4.1) we could have used a displacement field that shifts
the wall at x =0 or y =0 only. In that case, we would have obtained

J dxdy‘[ dz Api*(x, y, 2)
cell

0

Y=~
st a.a,

= - ! J' dx dy J’ dz ApP(x, y, z) (6.17)
axay cell 0
which shows that the integrals over a unit of area of Ap;™ and Apl® are equal.

We conclude this section with a consideration of the dependence of y, on the lower
boundary z =0 assigned to the system. This dependence was discussed in section 3,
where it is made explicit in equation (3.12). The same dependence must appear in the
microscopic definitions (6.16) and (6.17) of y,. The integrands that appears in (6.16)
and (6.17) take the value —p at z=0, cf (6.8). If we shift the lower boundary by an
amount &z, the integral changes by an amount

dy,=-pdz (6.18)
which is equal to (3.12).

7. Summary and conclusions

We have derived microscopic expressions for the surface and line tension of solid-fluid
interfaces. They were obtained from a careful analysis of the change in grand potential
under a deformation of the fluid’s vessel. These expressions fall into two classes:
density expressions and pressure expressions. The density expressions relate thermo-
dynamic quantities to the density at a hard wall, the pressure expressions relate them
to the pressure tensor.

Density expression (1.1) for the pressure was already well known [3] and it is
shown in this paper that it is the first in a hierarchy of three expressions, the second
involving the surface tension, the third the line tension. Density expressions for the
surface tension relate the density at a hard wall near an edge, to the surface tension
of the wall which forms the edge with the hard wall. The second wall can be either a
hard or a structureless soft wall, the density expression in both cases has the form

oC

y=—kBTJ dz An(z) (7.1)

0

cf (4.13). The second wall can also be a structured, soft wall, in which case An(z)
depends on the location of the hard wall in the elementary area which is defined by
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the structured wall. If, e.g., the hard wall is placed in the yz plane, the rus of (7.1)
should be averaged over all locations of the hard wall within the periodic length in
the x direction to obtain the density expression for the structured, soft wall.

Density expressions for the line tension have precisely the same form as (7.1). They
relate the density at a hard wall near a corner to the line tension of the edge which
stands tangential to the hard wall and terminates in the corner. The expression is

T=—kBTJ dyJ- dz An(y, z) (7.2)
0 0

cf (4.14). The validity of (7.2) has been proven in the cases that the edge is formed
by two hard walls. One can demonstrate that it also holds in the case of an edge
between a hard and a structureless soft wall and for an edge between two structureless,
soft walls. We did not consider edges which involve a structured wall. However, we
have no reason to assume that anything else but the same averaging as in the case of
the surface tension has to be applied to (7.2) in that case. In general, density expressions
also exist near soft walls, as discussed at the end of section 4, but we did not pursue
them in this paper.

The pressure equation for the surface tension is also well known [5]. It is

y=—J dz Ap™(z) (7.3)
Q
which holds for both a hard and a structureless soft wall, see (5.16). The derivation
of a pressure equation for the structured, soft wall is much more complicated, but the
result is a straightforward extension of (7.3). In the case of a structured wall, Ap™ also
depends on the position along the wall and we have shown that the rRHsS of (7.3) has
to be averaged over a unit of area to obtain the pressure equation for the structured wall.
Pressure equations for the line tension have again the same form as the equation
(7.3) for the surface tension. Whereas (7.3) expresses the surface tension of a wall in
p’, the component of p along the wall, the pressure equation for the line tension
expresses this quantity in p™, the component of p along the edge. The expression is
given by

T=—J dy J dz Ap™(y, z) (7.4)
0 0
which is proven for an edge formed by two hard walls, cf (5.22). Again, one easily
proves that it also holds for an edge formed by a hard and a structureless soft wall
and in case of an edge formed by two structureless soft walls. We expect its validity,
with the usual averaging procedure, for an edge which involves a structured soft wall,
too. The latter assumption, however, is probably hard to prove rigorously.
Surprisingly, it turns out to be possible to generalize (7.3). One can evaluate p’ at
an arbitrary distance from an edge formed with a hard wall and show that the influence
of the edge on p” does not alter the integral, cf (5.20). This generalized expression
reduces to the density expression (7.1) if the distance to the wall is taken to vanish,
since the diagonal components of the pressure tensor become equal to k3T times the
density at a hard wall, cf (2.11). The same generalization is possible for (7.4), where
it can be shown that the influence of a corner on p™ leaves the integral unaltered.
Reducing the distance to the corner, formed with a hard wall, transforms the generalized
expressions to the density expression (7.2).
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We have seen various expressions for the surface and line tension, all related to
the routes (2.10) and (2.12) to the change in grand potential. The expressions are very
symmetric: they are the same for all the models of a wall we have considered and,
furthermore, each expression for the surface tension has its counterpart at the level of
the line tension. The density expressions reveal that the density at a hard wall is related
to thermodynamic quantities, a surprising fact. Probably of more practical use are the
pressure equations since they are well suited to measuring surface and line tensions
in a simulation. Especially the pressure equation for the structured soft wall is of
immediate interest in view of the many investigations of the solid-fluid surface nowa-
days. If, however, simulations will ever deal with edges or contact lines, the expressions
for the line tension will certainly prove to be equally useful.
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Appendix 1

We prove the following properties of a pressure tensor near the hard wall in the plane
z=0

Ap(z) =0 (A1.1)
J dz Apin(y, 2)=0 (Al1.2)
Q

J dyj dz Apinn(x, y, 2) =0, (Al1.3)
0 0

These properties all follow from the condition that the tensor is divergenceless near
hard walls, (2.2) with ¢**'=0.
First, we prove (Al.1). In terms of p™ and p, Ap{’ has the form
Apy’(z) =p¥(x, 0, z) —p. (Al4)

The off-diagonal components of p vanish near a hard wall, far away from edges and
corners

p**(0,00,2)=0 a#p (A1.5)
in which case condition (2.2) on the divergence of p becomes

g

— Apii(z)=0.

37 3Ph (z)=0 (A1.6)

Since Ap;’ vanishes in the bulk fluid, at z =0, it has to vanish at any distance z as
stated by (Al.1).
Secondly, we prove (A1.2). In terms of p*”, Api} has the form

Apin(y 2) =p* (0, y, 2) = p* (0, 0, 2) (AL7)
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in this case (2.2) becomes
g »y 8 zy
—Apin(y, 2) =——p7 (0, ¥, 2). (A1.8)
dy 0z

No derivative with respect to x appears since the tensor is translationally invariant in
the x direction in the edge formed by the walls at y =0 and z =0, far away from the
plane at x =0. From (A1.8), we find

9 * , zy zy
oy J. dz Apii(y, z) = p¥ (00, y, 0) — p¥ (00, y,0) = 0. (A1.9)
0

The term p™(o0, y, ) denotes an off-diagonal component of p near a hard wall, far
away from the edges and vanishes due to (Al.5). The second term denotes an off-
diagonal component at a hard wall which also vanishes, cf (2.11). Therefore, the
derivative (A1.8) vanishes. Since the integral vanishes at y =0, where the integrand
vanishes, the integral has to vanish at any distance y, which implies (A1.2).

Finally, we prove (Al.3). The derivative of Appy, with respect to x has the form

g X 9 xx xx xx
a—xAp;hh(xsy: Z)=é;(l7 (X,y, Z)—p (X,y,oo)_P (xsm’ Z))' (Al'lo)

With (2.2), the derivative is rewritten as

d .
XX
3 Apinn(x, y, 2)
== i (p"(x,y,2)—p”(x,y,0))
ay £ 4 Y bl

—f;(p”‘(x, ¥, 2) = p*(x, 00, z)). (Al1.11)

This yields for the derivative of the integral (A1.3)

0x 0 0

(9 (o o) oC X0 -
- J‘ dy J dz Apnnn(x, y, 2) = J dz [p”(x, ¥, 2) —p*(x, y, )]0
0

+f dy[p™(x, »,2) ~p™(x, 0, z)]7-,. (A1.12)

]

The off-diagonal components vanish at and near a hard wall due to (2.11) and (A1.5),
respectively. The only remaining terms are the terms in the edges

a o< o« x> o)
——J dy‘[ dzApEEh(x,y,Z)=J- dZPyx(x,OO,Z)'*'J. dy p™(x, y, ). (A1.13)
0

0x Jo 0 0

The arguments, based on the microscopic definition of p, (2.1), and the symmetry in
the pair correlation function, that lead to (A1.5) also show that these terms vanish.
Thus, the derivative (A1.13) vanishes and since the integral vanishes at x =0, the
integral vanishes at any distance x, yielding (A1.3),

Appendix 2

We prove the following properties of the density and pressure tensor near the structured,
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soft wall in the plane z=0

J dx dy rdzns(r)idfxt(r):o (A2.1)
cell 0 ax
J dx dy J dz(Apjz(r) —zn (r) (—j; qﬁ”‘(r)) =0 (A2.2)

where a cell denotes a unit of area far away from the hard walls. Both identities follow
from condition (2.2) on the divergence of p.
First, we prove (A2.1). Condition (2.2) is
i xx +_8_
ax P ay
since n equals n, far away from the hard walls. Substituting the LHs into the integral
in (A2.1), denoted by I,, one obtains

a d
pyx +5;pzx=_nsa_x¢ext (A23)

_zl=j dyJ' az(p™ :g;\-+j dxj dZ[p"'x]il":,%‘ﬁ“J dxdy(p e (A24)
a a, cell

. 0 0

where x, and y, denote the lower boundaries of the cell. The periodicity of the tensor
makes the first two terms vanish. The fact that the tensor vanishes completely at z=0
and that its off-diagonal components vanish in the bulk fluid shows that the third term
also vanishes, which proves (A2.1).
The proof of (A2.2) goes similarly. Condition (2.2) is
R RNV BN Jgpen:
8xp +ayp +azAp = nsaz¢> . (A2.5)

Multiplying (A2.5) with z, integrating it over a unit of area and using the periodicity
of p, we obtain

o¢ a oC
J' dx dy J’ dzz— Ap”=-—j dx dy J dz zns-(ict)"”‘t (A2.6)
cell 0z cell 9z

0 0

and thus the integral in (A2.2), denoted as I,, can be written as

* 3
12=J dx dy J dza—z (zAp™). (A2.7)
cell

o}

Since Ap* vanishes in the bulk fluid at z = oo, I, vanishes.

Appendix 3

We prove that the average (7.4) of the integrals

dQ,. =2 ,( dx ,[ dy rdzn(r)(x—L) < 4°(r) (A3.1)
0 0 0 ox
and
L L < 3
dQ, =2 J de. dyJ’ dzn(r)(y—L)— ¢*(r) (A3.2)
0 0 0 8y

vanish. It will be proven explicitly for dQ}, whereupon it follows for dQ, by symmetry.
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At first, we find it more convenient to shift the origin x, y =0 to x, y = L. Denoting
the new coordinates as »', d{), becomes

L L «©
dnst' dx’J dy’J dz’n(r’)x’gi-,cbe“(r’). (A3.3)

o] 0 0

To be strict, we should have replaced n by n' with n'(#') = n(r) (and similarly for ¢°*")

but since the properties of n’ and n are essentially the same, we drop the prime. The
density at a position r is evaluated in an expansion in the activity z, defined in (2.6)
(the activity z should not be confused with the position z).

n(r)= T enlm)z (A3.4)

where the coefficients are of the form [10]

1
CN(rl)=N—NJ er,""drN{FeN(rls'",rN)+1}FN(r1:"'9rN) (A3'5)
v

with
Fa(r, ... rn)=exp[=B(¢ ' (r)+...+ o™ (ry))] -1 (A3.6)

and Fn(r,, ..., ry) a function which depends only on the relative distances r; and is
short ranged, i.e. vanishes when one of the r; becomes large, except for N=1.
Furthermore, Fp is symmetric under permutations of its arguments. For N=1, 2, 3
we have

F =1 (A3.7)
Fy(ri, 1) = f (1) (A3.8)
Fy(ry, 1y, 1) =5(f(r2) £ (ria) f (ras) + £ (1) [ (ria) + f(ra) f(ra3) + £ (r13) f(r3)) - (A3.9)
where f(r;) denotes the Mayer f function

f(ry)=exp(=Bo(ry)) -1 (A3.10)
and ¢ stands for the interparticle potential. Inserting expansion (A3.5) into dQ,, results

in the expansion

dQ,= Y dQyzV (A3.11)
N=

1

with, dropping the prime of the arguments,

L ©
-3 dQN=AJ dx, dyIJ- dzlj drs, .o A En (P i) % == ES(rs o r),
0 0 v 0x,
(A3.12)

Due to the short ranged character of Fy and the fact that F$ vanishes if all the z; are
large, the integration over the z coordinates can just as well be taken from 0 to <

L
dxl9---,dyNJ

0

o«

9
dzl,~-'adzNFN(rla"'srN)xl_Ft;V(rla-"’rN)'
0 ax,

(A3.13)
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The average (7.4) has the form

1 L+a dnx
=_— r . A3.14
a0, 2aL,[,_ d (dL’) (A3.14)

Expansion {(A3.11) gives

o«

AQ, = T AQuzZV (A3.15)
N=1
with
1 L+a dQN)
=— "=. A3.16
Ay 2al L L (dL' ( )

We will show that all terms AQ , vanish.

To do so, we have to calculate the derivative dQ/dL and integrate it over the
increase of L. The derivative is simply calculated by dividing dQ 5, by dL withdL = AL,
The integration is most easily performed if the dependence of the derivative on L can
be brought from the integration boundary to the integrand. The first step to do this is
partial integration

doy (* - N .
_B_dz—': dyl dx2a""dyN dzla""dzN[FNFN]xl=L

0 0 0

Lt w . 2]
_ZJ' dxl,--',dyNJ le,...,dZNFN(FN+x15;1FN)

0 0
=L+ (A3.17)

The presence of L in the integration boundaries of I, can be removed. If one changes
the integration variables x; to x;; (i=2,..., N, x;; = x, —x;), the x;; can be taken to
range from 0 to o because of the short ranged character of Fy. The same substitution
can be made for the y; with y,; ranging from —o0 to c0. This range neglects the presence
of the corner: at positions x, = L and y,, z,=0, the y; should be restricted to y;> 0.
This restriction, however, only adds a correction of the order L° to the integral which
itself is of the order L. We obtain

L =<} ac
Ix=J' dle- dlea"'adxlNJ' dyiz, ..., dyin
0

0 -

xJ dzy,...,dzn[FnFivle =0+ O(LY). (A3.18)
¢}

Finally, we use the periodicity of Fi to remove the presence of L in the integration
boundary of y,

L ® -
Il=—'[ dyl,[ dxxz,---,dxlNJ- dyiz, .., AN

ay 0 ~cC

xJ’ dzy,...,dzn[FNFi]e, - +O(LY). (A3.19)
0

One would also like to remove the presence of L from the integration boundaries
of I,. If it were not for the factor x,, the integrand of I, would be periodic in x, and
y, and the presence of L could be removed by restricting the integral over x, and y,
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to one unit of area and changing the integration variables x; and y; to x;; and y,;. The
restriction on the integration over x; and y, wouid be compensated for by multiplying
the integral with a factor Lz/(axay). The integration over the x;; and y,; would range
from —oo to co. This range neglects the presence of edges but they only give a correction
of order L°.

The periodicity of the integrand in x, is restored if the absolute coordinate x, can
be replaced by a relative coordinate such as x,;. We show that such a substitution,
namely

1 X 4

—F — ; F A3.20
ax N—)N,szlc?xl N (A3.20)

can indeed be made.
Under integral I,, the term x,8,, Fx can be replaced by

1 0
— Fy»>— F, A3.21
ax N_éN,lec?x,- N- (A3.21)
If Fy is taken to be a function of the relative coordinates r;, the rRus of (A3.21) can
be written as

N N N o3 N N P

P R P RN P (A3.22)
the rHs of (A3.20) is equal to

N 3 N N g

Z g Ev= L b o Ex (A3.23)

The difference between the rRHs of (A3.22) and (A3.23) is

S= x;—Fny—Y x; 2, —F A3.24
g] j 2;1 JC?X,')- N ,'gz ! j=2 axu N ( )
N k] N N 3
=X Z x;j—Fn—Y X xy— Fy (A3.25)
i=2 j=i+1 axj i=2 j=2 d 1
ji
$ 3t ncl 8 (astend)
= X;— X, —+tx F A3.26
i=2 j=i+1 jax,, N igz =i+l ' 09Xy Y 09Xy, N ( )

Under the integral, the integration variables x; and x; in the second term and x, and
x; in the third term can be interchanged

d ] d IS}
——+ X, — | F Xy —— :
<X1 ™y xuax“) N—)<xlaxij leaxj,»)FN (A3.27)
3
= X, — Fy. .
anXU N (A3.28)

Therefore we find that S vanishes under the integral:
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This proves that the rHs of (A3.20) and (A3.21) are the same under integral I,. Because
(A3.21) is an allowed substitution, (A3.20) must be so. With this substitution, the
integrand of I, becomes periodic in x, and I, can be written as

L o0 s o}
L= J dxldylj dxlz,...,dleJ- dz,,...,dzy Fy
cell

axay —oc 0
><<F +—1— § x —§—F >+O(L°) (A3.30)
N N R liax1 N . .

Note that apart from the prefactor L, I, is independent of L.

We have now brought the derivative dQQ5/dL in such a form that we can perform
the integration (A3.16). The derivative is the sum of I, and I, c¢f (A3.17). The integral
over I, has the form

1 L+a
Al =5— dL' I,(L’ A3

! 2aLJ-L (L) (A3.31)

1 L+a, < ©

= T Saa j dle’ dJﬁJ dxn,-.-,dxlNJ' dyis, ..., dyin

x4y L ay 0 e

x.[ dzi, ..., dzy FyFiy+O(L7). (A332)
0

Characteristic of the integral is the fact that all x positions x;, i=2,..., N should be
below x,. This restriction is easily removed

1 1 *
AI] - _N zaxay J.cell dXI dyl J.—oo dle’ Y dle

X’[ dzl,‘..,dzNFNFij-’rO(L_l) (A3.33)
0

the factor 1/ N compensates for the fact that each particle in the integral (A3.33) can
have the largest x coordinate, whereas this is always particle 1 in (A3.32). Adding A,
and the similarly defined AL, Al,=1,/2L, we obtain

1 X <
—.BAQN=2 J dxld}HJ- dxlz,---,dywj dzy,...,dzy Fy
x%y Jcell

—oC 0

N-1 1 X 8
X{—— Fy+— i—— Fn | +O(L™). .
(Bt ey L nuss A +o) (A334)
The term of order L' vanishes in the thermodynamic limit. All the terms in the sum
will give the same contribution to the integral. We can take the term with x,, as
exemplary and write the integral as

1 N-1 «
—-BAQy =2axay ——]—V— J-CCH dx, dy, J_m dx;z, ..., dyn

h 3
XJ. dZ,,...,dzNFeN—(x,zFN). (A3.35)
0 ax,
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One has to apply one more partial integration with respect to x; to see that this
contribution vanishes

1 N-1 o °° “
_BAQN=~_J’ dJ’1J- dles"',dleJ' dz;,...,dzyx, FN[Fy ;‘,’:xf)

2a.a, N - 0
1 N-1 «
_2axdy N J'ce” dx, dy, J_m dXz, ..., dyiN
* 3
XJ dz,,...,dzyx,Fn— F% (A3.36)
0 X,

where x, denotes the lower boundary of the unit cell. The first integral vanishes because
of the periodicity of F%. Changing the order of integration in the second integral gives

1 N-1(~ =
~BAQN=_2aXayTJ dxiz, ..., dyiN J'O dzy,...,dzyxFy

—oC

0
xj dx, dy, — FY% (A3.37)
cell axl

which shows that the periodicity of FY also makes this integral vanish. Therefore, we
have obtained the desired result

AQ N =0. (A3.38)
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